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Introduction
Semi-crystalline polyethylene (PE) of different grades is reputed to be the most widely used/produced plastic worldwide. Its widespread use is due to excellent resistance to chemical agents and physical shocks as well as reasonable mechanical properties at ambient temperature and at an economic price. Its mechanical performance is due primarily to its microscale composite structure. Microstructurally, PE is composed of two major components: crystalline lamellae, also known as crystallites, and the amorphous interlamellar phase, also known as the noncrystalline phase.
Upon crystallization from melt, the regular arrangement of chains in an orthorhombic crystalline system 1,2 forms the crystalline lamellae whose radial array, in turn, contributes to the spherulitic morphology of PE in a larger scale 3, 4 . The mechanical properties of the crystalline phase have been well established during the recent decades [5] [6] [7] [8] [9] [10] . On the other hand, the noncrystalline, interlamellar phase entrapped between the crystallites has no predefined structure. Therefore, researchers used to name this interlamellar phase as "amorphous phase" hence describing PE as a two-phase composite. However, the sharp transition from crystalline to amorphous state is hypothetically impossible. By relying on experimental observations and theoretical arguments [11] [12] [13] a broad consensus has been created among researchers that the non-crystalline domain itself can be viewed as a two-component sandwich: a central, compliant, amorphous core with two more rigid, amorphous layers at the sides. Accordingly, the two composing phases of the non-crystalline interlamellar region are amorphous in structure but the central phase is less rigid than the side/intermediate layers. In the literature the former is referred to as the amorphous phase and the latter as the "interphase". The term "interphase" was first employed by Flory 14 to define an interfacial zone between two immiscible phases. The term "rigid amorphous phase" has also been used to describe a noncrystalline component that remains immobilized even above the glass transition point of the polymer, possibly as a consequence of proximity to the crystalline lamellae 13 . A schematic diagram of the composing phases of PE is illustrated in Fig. 1 . The recognition of the interphase is due in large part to the stronger anchorage to the adjacent crystallite rendering this separating layer stiffer than the central amorphous phase, which is rather liquid-like at temperatures above g T . Therefore, in three-component micromechanical modeling of PE, the mechanical properties of this less-known third component are requisite.
Fig. 1 Schematic diagram of the crystalline and noncrystalline (interphase + amorphous) domains in PE
In their three-component micromechanical modeling of PE, Sedighiamiri et. al. 15 took the interphase layer to be isotropic whereas its true symmetry, as will be discussed next, is monoclinic.
Additionally, they chose an average interphase bulk modulus, ip κ , of 5000 MPa, which is an intermediate value between the crystalline and amorphous bulk moduli, and left the average interphase shear modulus, ip G , as the fitting parameter. In a similar study on the three-phase micromechanical modeling of PET, Gueguen et. al. 16 took the associated interphase stiffness to be 1.6 times that of the amorphous phase, i.e ip am 1.6 = C C . They assert that by this specific selection, some "best fit" is observed, which indicates that they have treated the coefficient as an adjustable parameter. In similar studies concerning filler/polymer composites where some intermediate or interphase layer around the fillers is incorporated into the modeling, the properties of this third phase have been treated alike [17] [18] [19] . Although several studies have been devoted to the mechanical characterization of the central amorphous phase, to date no rigorous attention has been paid to the systematic, methodological elastic characterization of the interphase as is presented in this work. At the molecular simulation level, Hütter et. al. 1 employed the concept of a sharp Gibbs dividing surface in order to define a set of interfacial properties corresponding to the interphase; they obtained interfacial stresses and interfacial internal energies, but were not able to extract a value for interfacial tension due to significant contributions from its dependence on interfacial strain.
Here, two independent micromechanical homogenization approaches are tailored to extract the interphase stiffness from that of the interlamellar domain. Then they are applied to the Monte Carlo (MC) molecular simulation results by in 't Veld et. al 20 with their associated thicknesses 20 , are fed into the dissociation algorithms. Due to the absence of experimental measurements on the mechanical properties of the interphase, which have remained elusive as yet, direct verification of the calculated interphase stiffness components is not possible. Nonetheless, we could successfully compare the average effective Young's modulus of the dissociated interphase with the available experimental results on the average interlamellar Young's modulus at high crystallinity 21 . In the present study, two agreements are observed which corroborate the validity of the results as well as the efficiency of the presented methodology: Firstly, an excellent agreement is observed between the results of the two deployed micromechanical homogenization techniques whose origins are totally different; Secondly, a good agreement is observed between the interphase average Young's modulus, which is evaluated using the results of this study, and the interlamellar average Young's modulus at high crystallinity, which is offered in the experimental study by Crist et al. 21 .
The following sections are organized as follows: Section 2 details the reasoning behind the adopted amorphous elastic constants and then introduces the two micromechanical approaches, which are tailored for the dissociation purpose. Section 3 is devoted to discussing the results and diagrams of the dissociated interphase stiffness, including Subsection 3.3 where the results are verified by comparing with the observations of another experimental study. A concise summary along with the conclusions drawn are brought in Section 4. To enhance the readability of the paper, the analytical details of one of the micromechanical models are moved to Appendix A. Appendix B is devoted to the details of the sensitivity analyses that were carried out to examine the robustness of the non-positive definiteness of the interphase stiffness to the uncertainties of the amorphous and interlamellar stiffnesses, and the impact of the small components of the interlamellar and interphase stiffnesses on one another.
Methodology
As illustrated in Fig. 1 If the final homogenization formulae for the interlamellar effective stiffness, which are obtained from the micromechanical homogenization techniques, are viewed as equations with the following general functional form:
then there is one equation from which only one unknown can be determined. In most homogenization problems encountered in the literature, the homogenization relations are utilized in direct mode to find the effective properties of some inhomogeneous medium using the properties and concentrations of the composing phases. Here, two of such homogenization techniques are employed in the reverse mode to find the unknown property of one of the constituents. But for the problem at hand, there are two unknowns:
am C and ip C . As to am C , no suitable value is currently available from molecular simulations. Therefore, in the following subsection, first various relevant studies are surveyed to find an estimate for the amorphous elastic constants at room temperature using which am C is established and consequently ip C will be the only remaining unknown.
Amorphous elastic constants
The elastic constants of the amorphous PE have been the subject of research for decades [21] [22] [23] [24] . Since obtaining fully amorphous PE samples at relevant temperatures is nearly impossible, the reported elastic values are either based on theoretical arguments or extrapolation to zero crystallinity of measurements made at non-zero crystallinities. Using the theoretical relationship for the plateau shear modulus
and an amorphous bulk modulus of am 3000 MPa Obviously, there is a fairly good agreement between different studies on the elastic properties of the amorphous phase at room temperature. The average of the above Poisson's ratios is ~ 0.4996 which is very close to the limit value of 0.5. The proximity of am υ to 0.5 is due to the rubbery state of the amorphous phase at room temperature and a fortiori at higher temperatures. Therefore, it is totally reasonable to assume that am υ remains nearly constant for the temperature range of interest with possibly negligible fluctuations around its mean value. For am E , the average of the values reported in the previous studies for room temperature is ~ 5 MPa, which matches the mean value adopted by Humbert et al. 27 for the amorphous phase of polyethylene at room temperature. According to Eq.(2), which has been introduced in the context of the kinetic theory of rubber elasticity, the elastic modulus of the amorphous phase is a linear function of temperature in the rubbery region. Moreover, using the first and second laws of thermodynamics and based on the probabilistic discussions, it is demonstrated that the elastic modulus of a single chain in an amorphous polymer in the rubbery state is proportional to
where k is the Boltzmann constant and n is the number of links in the chain each having an average length l 28 
Micromechanical homogenization approaches of DIM and ECIM
Two distinct micromechanical homogenization techniques of DIM and ECIM are invoked to dissociate the interphase stiffness from that of the interlamellar domain. Although the primary function of multiscale homogenization methods is to calculate the effective properties of nonhomogeneous media, here two of such methods are reversely employed to find the elastic stiffness of one of the constituents in a two-phase heterogeneous medium.
Developed by Hori and Nemat Nasser 30 , DIM proposes an Eshelby-based formulation for evaluating the homogenized stiffness of an ellipsoidal inclusion encapsulating another ellipsoid with the entire double-inclusion being embedded in a reference medium. In the MC molecular simulations, the periodic boundary conditions are imposed in a way that the interlamellar region can be treated as an inner, thin, disk-like ellipsoid, namely the core amorphous phase, wrapped by another hollow, thin, disklike ellipsoid, namely the side interphase layers. Therefore, the problem under discussion fits the doubleinclusion model if the Eshelby tensor of disk-like ellipsoids (i.e. an ellipsoid with a very small aspect ratio) is used. After some mathematical manipulation, the DIM relationship for the interphase stiffness is rendered into ( )
Here, I represents the fourth order identity tensor and Formulated first by Ahzi et. al. 31, 32 , the composite inclusion model (CIM) is an attempt to find a compromise between the Voigt and Reuss mixture formulae for a layered composite inclusion by introducing strain and stress concentration tensors which serve also as weight functions. In this approach, the composite inclusion is made by stacking together two layers whose thicknesses are much less than two other dimensions. The weight functions are established through the simultaneous enforcement of the continuity of deformation and equilibrium at the interface of the two composing layers. Here, the idea is extended to a three-layer composite inclusion, hence the designation extended composite inclusion model (ECIM). Again, owing to the nature of the periodic boundary conditions imposed in molecular simulations, the interlamellar region can be thought of as two thin interphase layers with one thin amorphous layer inserted in between. With reference to the notation defined in Appendix A, the dissociative analogue of Eq. (1) As compared to DIM, the distinguishing feature of ECIM is that in its formulation, there is no trace of the Eshelby tensor, Green's function, the concept of reference medium or triple volume integrations, all being the indispensable elements to DIM derivation. One strength of the presented methodology lies in the perfect agreement between the solutions of the two approaches of DIM and ECIM, despite the fact that their origins are totally different. Apart from the geometry of the problem, which has been taken into account during the derivation of the ECIM formulae, there's no need to resort to the concept of some "reference medium" in the ECIM. It is, therefore, anticipated that for this specific case where the ellipsoidal inclusion is disklike, the DIM results will be independent of the choice of 
Results and discussion
As suggested by in 't Veld et. al. 20 the interlamellar stiffness obtained from MC simulations has the following form of monoclinic symmetry il  il  il  11  12  13  il  il  il  12  22  23  il  il  il  il  13  23 
The numerical values of the non-tensile elements, i.e. the elements of il C other than the upper left 3 3 × submatrix, were reported by in 't Veld et. al. 20 only at 435 K and are taken here to be virtually temperature independent, for lack of any better information. These values are provided explicitly in Eq. (7). It should be noted that the uncertainties associated with the shearing stiffnesses, which are reported on the right side of the mean values, are the result of MC simulations. On the contrary, the values of the tensile elements of il C were calculated over a range of temperature and this temperature dependency is adopted here as well; for this reason, the temperature-dependent tensile elements of il C are represented symbolically in Eq. (7). The reported uncertainty of these tensile components is 30 MPa ± .
The output of the dissociation approaches, i.e. DIM and ECIM, at the typical temperature of 370 K is given in Table 1 . As explained in the previous section, the DIM involves the Eshelby tensor for a diskshaped inclusion, which must be evaluated numerically since it has no closed-form solution in the general case where the reference medium is anisotropic. Therefore, in the developed numerical code, a very small aspect ratio of 1 µ ≪ has been assumed for the calculation of the Eshelby tensor. It was also observed that due to the recursive nature of the ECIM in the dissociation mode (see Appendix A), the method has shown numerical divergence despite deploying several stabilizing strategies. Therefore, the following numerical alternative was invoked. First, il C was symbolically calculated by ECIM relations and using an unknown ip C . A system of 13 coupled equations with 13 unknowns is thus obtained for the solution of which a hybrid optimization algorithm has been employed. The two-step, hybrid optimization algorithm consisted of combining the Genetic Algorithm with another non-linear optimization technique called Nelder-Mead (or simplex search) method. In the first step, a ballpark estimate for the solution is found using the Genetic Algorithm which is used as the initial guess for the Nelder-Mead method in the second step. The dissociated ip C attributed to ECIM in Table 1 is the result of this combinatory numerical method.
A quick comparison reveals that the results of the two methods agree perfectly. From a practical point of view, however, the ECIM formulation is fairly straightforward and simpler than the DIM formulation but is less efficient in the dissociation mode in terms of CPU time. Interestingly, and as discussed in Appendix B, when the non-orthotropic elements of the interlamellar stiffness are neglected, the combination of the dual ECIM formulae (6) converges to the solution using the recursive method, which is much faster than the hybrid optimization technique. In contrast, the DIM is very fast in both of the dissociation and homogenization modes but maybe its major drawback is the development of the rather complicated numerical code for calculating the Eshelby tensor.
In the direct/homogenization mode, however, when the dissociated 
Therefore, once should be underlined that the interphase stiffness components shown in boldface in Table 1 indicate that ip C is not positive definite. This finding has been discussed in depth in the following subsections. C at several temperatures are plotted in Fig. 2, Fig. 3 and Fig. 4 , respectively. As is qualitatively evident from the diagrams and as demarcated by vertical dashed lines, there are intervals of il 44
A probe into the shearing components of
C for which the dependent variables become unbounded, which is unacceptable. Therefore, these intervals must be excluded from il 44
100 MPa 100 MPa C − ≤ ≤
. Specifically, Fig. 2, Fig. 3 and Fig. 4 C takes values less than -4000 MPa. C takes incomparably large value. C takes incomparably large value. respectively. As demonstrated in Appendix B, this property is insensitive to both the uncertainties of the adopted amorphous elastic parameters and the uncertainties of il C .
Deviation of the interphase stiffness from positive definiteness
Positive definiteness of the stiffness tensor for stable materials found in nature is demonstrated based on the first law of thermodynamics and the positivity of the elastic strain energy. If the stiffness tensor is represented in 6 6 × C , although too close to zero, robustly take negative values at least in the temperature range of 350-400 K. It is worth noting that unlike either the crystalline or amorphous phases, the interphase and interlamellar domains are not necessarily thermodynamically stable phases that can ever exist in the absence of the stabilizing influence of the adjoining crystalline lamellae. Thus there is no compelling reason to require their mechanical stability in isolation either. Here, in our example, the negative shear stiffnesses are only observed in the transversal plane of the interphase layer, whose thickness is ~ 1 nm and plays the role of the transition region between the crystallites and the amorphous phase. Moreover, negativity of the shear modulus has been observed earlier for nanoscale domains within an amorphous matrix 33 . Other examples of the studies available in the open literature on the heterogeneous materials containing at least one component with non-positive definite stiffness include [34] [35] [36] [37] [38] .
It is worth noting that although C is comparatively so large that, even with relatively small positive shear strains, it produces such large negative shear stresses that are not deemed to be balanced by the surrounding media. Additionally, when 
Verification of our results
Crist et. al 21 
For the hypothetical state of no crystallinity, PE is composed of pure amorphous phase and there is no interphase which means:
where at room temperature am E takes values between 2-11.4 MPa, as elaborated in subsection 2.1. On the other hand, at high crystallinities, the amorphous phase disappears and the interlamellar domain will be dominated by the interphase layers, meaning that
In summary, by increasing the crystallinity from zero, the interphase layers start to appear and the amorphous phase shrinks, implying that ip η is a positive and monotonically increasing function of crystallinity up to some critical crystallinity, cr ξ . Since ip η cannot exceed unity in the interval of 0 1 ξ < < and eventually it has to go to unity as 1 ξ → , the most likely dependence form of ip η , which is in accord with the observation by Crist et. al. 21 , is that: C , remain essentially independent of crystallinity. In other words, using a two-phase sandwich model to represent the interlamellar region in which the constitutive properties of the phases are independent of crystallinity, the form of dependence in Eq. (10) proposed by Crist et. al. 21 can be justified. 
from which the average Young's modulus of the interphase reads
In the temperature range studied here, the closest to the room temperature is 350 K at which ip-Hill E is calculated to be 347 MPa, which compares well to the plateau value of 300 MPa proposed by Crist et. al. 21 noting that the Young's modulus of amorphous polymers increases with temperature if the polymer is in the rubbery state. Furthermore, Ding et al. 42 conducted a molecular simulation study on the Young's modulus change in a semi-crystalline polymer and observed that the Young's modulus of the interlamellar region increases with temperature in the rubbery state. It is therefore expected that the analogue of the empirical relation (10) 90 MPa C =
Summary and Conclusion
In this study, a methodology is presented for the mechanical characterization of the interphase layer in semi-crystalline PE, which is based on applying micromechanical homogenization techniques to the data from the Monte Carlo molecular simulations of the noncrystalline domain in PE. To this end, two micromechanical homogenization approaches of DIM and ECIM were reversely applied to the molecular simulation results of the interlamellar region across the temperature range of 350K-400K. The outputs of both approaches are identical despite their nonidentical contexts; confirming the outputs of the implemented dissociation methodology.
As a requirement for implementing the dissociation analysis, the stiffness tensor of the amorphous phase has been estimated by relying on the findings of several independent experimental studies. The dissociation analysis revealed that the interphase shearing stiffnesses in planes normal to the interface, i.e. C , robustly take small but negative values, leading to the non-positive definiteness of the interphase stiffness tensor, at least, for the temperature range of interest. We believe that this nonpositive definiteness is a valid outcome whose origin lies in the fact that the interphase is a transitional domain whose existence is always accompanied by neighboring crystalline and amorphous phases that mechanically stabilize the interphase. Contrary to the two other shearing stiffnesses, C . As another finding, it has been found that for dissociation purposes the DIM works perfectly without posing any numerical problems while the ECIM is either prone to numerical divergence problems if the recursive method is used or demands timeconsuming optimization algorithms. In the homogenization mode, however, both approaches are equally fast and devoid of any numerical problems.
Finally, using the proposed two-component sandwich model a plausible explanation has been suggested for an empirical relation that describes the interlamellar average Young's modulus as a function of crystallinity. In the explanation provided, the constitutive properties of the composing phases are invariant with crystallinity while only the volume fractions vary with crystallinity. On the other hand, since at high crystallinities the interlamellar region is dominated by the interphase layer, the average Young's modulus of the interphase should be comparable to that of the interlamellar domain at high crystallinities. Without taking the impact of uncertainties into account, Hill's estimate of the interphase average Young's modulus at 350 K is 347 MPa. This mean value compares well with the empirical value of 300 MPa in addition to being consistent with the established fact that the elastic modulus of a rubbery amorphous polymer increases with temperature. This good agreement endorses the tailored methodology and the dissociation results.
Appendix A

The extended version of the composite inclusion model (ECIM)
The original version of the composite inclusion model (CIM) was an effort to attain a more realistic estimation of the effective stiffness of a two-layer composite inclusion than those suggested by Voigt and Reuss models 31, 32 . In light of the notion presented therein, this approach is extended to calculate the effective stiffness/compliance of a three-layer composite inclusion.
The schematic of a three-layer composite inclusion is depicted in Fig. B.1 . From the average theorems, the average stress and strain of this composite inclusion, 
Therefore, once the stress or strain concentrations are determined, the effective stiffness/compliance of the composite inclusion is calculable. An important auxiliary assumption of CIM that is not explicitly stated in 31, 32 but is invoked implicitly is that the stress and strain in each phase are assumed to be uniform. This assumption, in conjunction with the enforcement of the equilibrium conditions at the two interfaces, gives rise to 
In a similar way, the two other stress concentrations are obtained as follows ( 
The elements of the six-by-six stress concentrations are now determined and can be substituted in Eq.(A.6) for the calculation of the effective compliance. A similar procedure can be followed for the derivation of the strain concentrations, leading to 
It is worth mentioning that the Gueguen et al. 16 have also tried to derive similar relationships for the stress and strain concentrations but made errors, ending up with erroneous relationships.
In our example of the interlamellar region, the properties of phase 1 and phase 3 are identical as they represent the side interphase layers. Therefore, Eq.(A.6) is rewritten as follows: C that are two to three orders greater in magnitude.
As a last sensitivity check, only the orthotropic part of il C has been preserved and the dissociation analysis at the same temperature of 370 K was carried out. Table B2 confirms that ip C s calculated using the two approaches match perfectly. The tensile elements of the newly calculated Table 1 and calculated using a il C of monoclinic symmetry.
Contrary to the situation reflected in Table 1 , here the ECIM converges to the same solution output by the DIM using the numerical recursive method. Indeed, a combination of dual formulae (6) was used to achieve the convergence. More interestingly, it is observed that the controversial shearing stiffnesses Table B2 are equal to those appearing in Table 1 , suggesting that these two shearing stiffnesses C , however, exhibits a strong dependence on non-orthotropic components; another dissimilarity which might have been expected in advance. 
